We analyze the mass spectrum of spin-2 excitations around the gravity duals of "linear quiver" supersymmetric conformal field theories (SCFT's) in six dimensions. We show that for the entire family of gravity solutions it satisfies a bound which corresponds to a unitarity bound for the scaling dimension of the dual field theory operators. We determine the masses of excitations which belong to short multiplets, and for certain gravity solutions we obtain the Kaluza-Klein modes and the corresponding mass spectrum, fully and explicitly. Finally, we discuss an intuitive picture of the dual operators in terms of the effective descriptions of the SCFT's.
Introduction
Interacting quantum field theories in higher than four dimensions are hard to define, non-renormalizability being a typical obstacle. Given how little we know about field theory in higher dimensions, any example which is even partially amenable to quantitative analysis is welcome.
In this paper, we focus on a class of six-dimensional conformal field theories (CFT's) with N = (1, 0) supersymmetry. They were originally introduced [1, 2, 3, 4, 5] in various string theory setups, one of which is a network of NS5, D6 and D8-branes. Although the CFT's do not have a Lagrangian description, they have a "Coulomb" or tensor branch along which an effective Lagrangian can be written down. This consists of several vector, tensor and hyper multiplets arranged in a linear chain or "quiver". Recently it has been argued [6] that their holographic duals belong to a class of AdS 7 solutions of massive type IIA supergravity, found numerically in [7] and analytically in [8] . A check of this identification was later performed in [9] , where the Weyl anomaly was computed on both sides, finding agreement.
1
This fact has already been used in several cases, to infer properties of the corresponding operator spectrum, without performing the full KK reduction; see for example [14, 15, 16, 17, 18, 19] for AdS 4 solutions. In particular, [17] showed in general the above statement about the spin-2 mass operator, drawing on earlier results by [20] , and their arguments can be applied also to our case.
The states we find are dual to spin-2 operators, but supersymmetry relates them to various other operators, among which scalars. The resulting multiplets have a rather intricate structure, which we have found by reducing the multiplets of the (2, 0) superconformal algebra which occur in the AdS 7 × S 4 solution and have been explicitly constructed (see appendix A). As predicted by general representation theory for the (1, 0) superconformal algebra [21, 22] , these multiplets are shortened when the scaling dimension and the representation of the R-symmetry su(2) R are related.
3
One of the results of this paper is a bound on the mass spectrum for the entire class of gravity solutions. The dimension of the corresponding operator in a generic theory in the linear quiver class is then bounded by its SU(2) R -charge, a bound that is in fact a unitarity bound. Moreover, there is always one short spin-2 multiplet for each SU(2) R representation, labeled by its "spin" . The spin-2 operator in this multiplet has scaling dimension ∆ = 4 + 6. In the effective theory, an operator of the correct dimension and SU(2) R representation would be of the form Tr(h ( This applies to all linear quiver theories.
For certain gravity solutions -dual to very simple linear quiver theories -we were able to find explicitly the complete spectrum, for both short and long multiplets.
One solution is the dimensional reduction of an orbifold of the AdS 7 × S 4 solution of eleven-dimensional supergravity. In this case there is a second short multiplet with ∆ pr = 4 + 6. Another one is a solution with Romans mass and one stack of D6-branes. For more general solutions, finding the complete spectrum (including long multiplets) is harder, but we demonstrate in one example with one stack of D8-branes how to set up the problem, and obtain some numerical results. Finally in an appendix we consider the non-supersymmetric solutions presented rather implicitly in [24] and recently interpreted holographically in [25] . These are in one-to-one correspondence with the supersymmetric ones, and we show that their spin-2 mass spectrum is easily related to those.
There are multiplets that we have not been able to access in our analysis, because they don't contain any spin-2 operators; these are the vector and gravitino multiplets in Tables 1 and 2 , appendix A. Obtaining the spectrum of these additional multiplets requires performing the full Kaluza-Klein reduction. As noted earlier, such a reduction is not a simple modification of a previous one. In particular, it should take into account the D6 and D8-branes, which are present in all the AdS 7 solutions. If one were to obtain the multiplets of all spins, and especially the short ones, one would be able to compute an index (as for example done in [26] for the (2, 0) theory) and perhaps compare it with a field theory computation.
The rest of the paper is organized as follows: after a quick review of the AdS 7
solutions in section 2, we describe the relevant mass operator in section 3. We compute its spectrum for certain solutions in section 4, and describe the field theory implications in section 5. In appendix A we summarize the osp(6, 2|1) multiplets of supergravity fields. In appendix B we consider the non-supersymmetric solutions. Appendix C contains some technical details.
The AdS 7 solutions
In this section we review the AdS 7 solutions of type IIA supergravity discovered first numerically in [7] and presented later analytically in [8] .
The internal manifold M 3 of the solutions is topologically a three-sphere S 3 , whose metric is a warped product of an interval I and a two-sphere S 2 , with the two-sphere shrinking at the endpoints of the interval. The solutions are characterized by a single function β of the coordinate y which parametrizes I. This function governs the way the S 2 shrinks at the endpoints of the interval, thus determining if the geometry there is regular or singular, and the type of the singularity. In particular there are three cases.
Let y 0 be an endpoint of I; then (i) if β = β 1 (y − y 0 ) + O(y − y 0 ) 2 near y 0 , the geometry
the geometry of M 3 approximates the geometry of the transverse space of a stack of (anti-)D6-branes near the singularity (iii) if 
The anti-de Sitter metric is of radius one. The dilaton is given by
The active fluxes are the NS-NS three-form field strength H and the R-R two-form field strength F 2 :
3a)
For zero Romans mass F 0 ,
where k is an integer; this solution is the dimensional reduction of the AdS 7 × S 4 /Z k solution of eleven-dimensional supergravity [7] . At one endpoint of I or pole of M 3
there is stack of k D6-branes, and on the other one a stack of k anti-D6-branes. We will encounter this solution in section 4.1.
4 A prime here denotes differentiation with respect to y.
For non-zero Romans mass, β depends on two parameters (apart from the Romans mass), one of which determines its behavior near the endpoints. For a certain range of this parameter there are solutions with an O6-plane singularity at one endpoint and a D6-brane singularity at the other. For another range, there are solutions with D6-brane singularities at both endpoints. These two families of solutions meet at a single value of the parameter, where the solution is regular at one pole and has a D6-brane singularity at the other pole. We will refer to this solution as R 3 -D6, the name referring to the approximate geometry near each of the two endpoints of I.
The general solution with F 0 = 0 can be found in [8] . For the particular case of the R 3 -D6 solution,
The parameter y 0 and the Romans mass H is the NS-NS flux integer, and µ is a second integer parameterizing the D6-brane charge of the D8-branes. The function β of the solution is simply (2.5) on one side of the D8-brane stack, and the same expression on the other side with (F 0 → F 0 , y 0 → y 0 ). The parameters y 0 , y 0 , and the position y D8 of the D8-brane stack are given by
The analytic expressions for more complicated solutions with D8-branes can be found in complete generality in [9] .
The graviton spectrum
In this section we will perform the Kaluza-Klein expansion of anti-de Sitter gravitons.
We will describe the relevant mass operator in section 3.1, and the space of functions it should act on in sections 3.2 and 3.3.
The mass operator
We are interested in perturbations δḡ µν of the anti-de Sitter metric
of the factorised form
Herex denotes collectively the coordinates of the anti-de Sitter spacetime, and x the coordinates of the internal manifold; h µν is transverse and traceless
and satisfies∇
It describes a massive graviton or spin-2 particle propagating in AdS -see for example [27] .
We draw upon the result of Bachas and Estes [17] , who showed that the linearized
Einstein equations for such perturbations of any flux compactification whose geometry contains a factor with maximal symmetry -i.e. anti-de Sitter, Minkowski or de Sitter 5 We add a bar to distinguish from the ten-dimensional metric g µν = e 2Aḡ µν .
-amount to a differential equation for Y :
where L is second order differential operator (see below). The central point of the derivation of [17] is that δḡ µν decouples from all other perturbations of the background solution; this is reflected in the variation of the stress-energy tensor which reads δT µν ∝ tr(T ) δḡ µν , with tr(T ) being the trace of the stress-energy tensor of the background solution. Notice that this is also true for local sources of the stress-energy tensor, such as D-branes or O-planes.
The result of [17] was obtained in the Einstein frame to which we henceforth switch after a rescaling
of the string frame metric presented in the previous section.
The analysis of the mass spectrum of h µν thus becomes an eigenvalue problem (3.5) where L is a modified Laplacian on the internal manifold M 3
g being the metric on M 3 .
We can reduce the eigenvalue problem to an ordinary differential equation (ODE) by expanding Y in terms of the S 2 spherical harmonics:
The factor β /2 is included as it simplifies the resulting ODE: dropping the labels and m from f , the latter satisfies
where
The variable y takes values in the closed interval I ≡ [y − , y + ]. This is called a singular Sturm-Liouville problem: p vanishes at the endpoints of I for all β.
Normalizability, and a bound on the spectrum
We should now define a space of admissible solutions to (3.9). Here we will give a definition that is naturally suggested by the theory of Sturm-Liouville problems; in the next subsection we will check that it agrees with physics intuition.
Let us first define the weighted inner product
Suppose now f 1 and f 2 satisfy (3.9), with different "eigenvalues" λ 1 , λ 2 . Then, integrating by parts we see that
As noted earlier, the function p is zero at the two endpoints y − and y + , so that if we pick boundary conditions such that f, f remain finite at y ± , (3.14)
the right-hand side of (3.13) vanishes, and hence two eigenfunctions with different eigenvalues are orthogonal. 7 We will thus work in the space L 2 w (I) of square-integrable func- 7 Formally, S is self-adjoint with respect to the ordinary inner product (f 1 , f 2 ) = I f 1 f 2 . Most versions of the spectral theorem require a stronger definition of self-adjointness: the domain of the adjoint of S would be defined via Riesz' theorem as D(S † ) = {f |(Sf, ·) is continuous}, and one would tions with respect to the norm defined by this inner product (or more precisely in the corresponding Sobolev space where the norms of the first two derivatives are also finite).
Another way to motivate (3.12) is to start from the Klein-Gordon inner product for ten-dimensional scalars; this is the approach of [17] . Employing a factorization similar to (3.2), (3.8), the inner product induced on f is (3.12).
We will now derive a key bound on the mas spectrum M 2 . Given f an eigenfunction of S, we have
Just like for (3.13), the [pf f ]
term vanishes because of (3.14). Furthermore, p > 0 for y ∈ I, and so we conclude that λ ≥ 0. This leads to the general bound
According to the AdS/CFT dictionary, the scaling dimension of the operator dual to the bulk graviton excitation is given by the relation:
Thus (3.16) translates into a bound on the scaling dimension 18) which yields the unitarity bound for the scalar superconformal primary of the spin-2 multiplet (see appendix A). This is a first sign that our boundary conditions are reasonable; we will analyze this further in section 3.3.
The spin-2 state of mass M 2 = 4 (4 + 6) which saturates the bound belongs to a short graviton multiplet: this the multiplet with j = 0 in Table 3 . The corresponding then require D(S † ) = D(S) as well as S = S † . This is subtle to obtain for singular problems such as ours, but we will not need these details in what follows. 8 Restoring dimensions, M 2 is multiplied by the square of the AdS radius, which we have taken to be 1.
where c 0 is a constant. Since we want f to be finite at the endpoints of I, whereas p vanishes there, c 0 has to be zero; in other words,
Going back to (3.8), we conclude that
for this short multiplet, which is present for all solutions in our class.
A proper Kaluza-Klein expansion, apart from the orthogonality of eigenfunctions of S with different eigenvalues (proven earlier), requires that the eigenfunctions of S form a complete basis for the space of functions we are considering. This is a complex task for the singular Sturm-Liouville problem at hand, and we will not attempt it. However we will see that this is the case for the examples we will analyze in section 4.
Boundary conditions
As we have seen, it is natural to assume that f and its derivative remain finite at the extrema of I; this led us to recover the field theory unitarity bound (3.18). We will now check that this boundary condition on f gives a proper behavior for Y .
We will look at the local behavior near a regular point, and near a stack of D6-branes. 9 These can be characterized as a single and a double zero of β respectively.
For example (2.5) has a single zero at y = y 0 and a double one at y = −2y 0 , which corresponds to a regular point at one end and a D6-brane stack at the other.
Let us start with the behavior near a regular point, where β has a single zero:
9 It is also possible to have O6-planes, but we will not consider them here.
In this case we see that there are two solutions: f ∼ const., and f ∼ (y − y 0 ) We now turn to the case where β has a double zero: 
As is well-known, the coordinates {y i : y i y i = 1} in R 3 are quadratic in the coordinates {x n :
10 If ρ Y m is locally a polynomial of degree in the y i coordinates, it lifts to a polynomial of degree 2 in the x n coordinates, which in particular is regular.
10 The Laplacian on S 2 has eigenvalues ( + 1), while the one on S 3 has eigenvalues˜ (˜ + 2); with = 2 , the two agree, once one also recalls a factor of 2 in the radius of the S 2 in the Hopf fibration.
Examples
We will now examine three members of the family of AdS 7 solutions presented in section 2; in two cases we obtain analytic results for both the Kaluza-Klein modes and the mass spectrum.
The zero Romans mass solution
In this section we will obtain the mass spectrum of the AdS 7 solution with zero Romans mass. Substituting (2.4) for β in (3.9) we obtain the ODE
where we have introduced a new variable
and function
Furthermore, the parameters q and n are related to M 2 and as 
where P n q and Q n q are the associated Legendre functions of first and second kind respectively; C 1 , C 2 are arbitrary constants.
We want to impose that f ∝ (1 − z 2 ) − −1/2 u in (3.8) is regular at z = ±1. In order for this to be the case, u needs to be regular; this is true for C 2 = 0 and 6) in which case P n q are the associated Legendre polynomials. Since ≥ 0 and hence n ≥ 1, in fact q ≥ 1. Finally,
where P q are the Legendre polynomials, and so
is regular at z = ±1.
To obtain the mass spectrum, we invert (4.4):
As expected, this the same spin-2 mass spectrum as that of eleven-dimensional supergravity on S 4 [29] . 11 The inequality q ≥ n or ≥ 2 becomes (3.16).
Taking the associated Legendre polynomials as a basis for functions in the interval
I, we can write the full Kaluza-Klein expansion of the metric perturbation δḡ µν as
The R 3 -D6 solution
In this section we determine the mass spectrum for the R 3 -D6 solution characterized by (2.5). Recall that y 0 < 0 and y 0 ≤ y ≤ −2y 0 . After a change of variables
(3.9) becomes the hypergeometric differential equation (C.4) ; in the main text we will denote its solution (C.1) by 2 F 1 ≡ F . The parameters a, b and c are determined by 11 A factor of 4 difference is due to a different radius for AdS 7 , which in [29] is taken to be 2 (M 2 is multiplied by the square of the AdS 7 radius when dimensions are restored). Next we need to impose that f is regular. At z = 0 only f 1 is regular and hence
To check regularity at z = 1 we employ (C.5) which is valid for the case at hand since
is not an integer. The relation (C.5) shows that f has a pole of order
. In order to eliminate the pole we need to take a or b to be a non-positive integer, at which case f truncates to a polynomial.
Imposing that a = −j, j ∈ Z ≥0 , fixes the mass M 2 in terms of j and . We find the following mass spectrum: ; 2l + 2; z) , (4. 16) we see that it has become a Jacobi polynomial (C.6) for x = 1 − 2z:
Note that the weighted inner product introduced in (3.12) with weight function w =
2 gives the weighted inner product with respect to which the Jacobi polynomials are orthogonal, as expected from the general analysis of section 3.2.
Taking the Jacobi polynomials as a basis for functions in the interval I, we can write the full Kaluza-Klein expansion of the metric perturbation δḡ µν as
Solutions with D8-branes
We will now look at solutions with D8-branes. We will illustrate the procedure by focusing on the solution with a single stack of D8-branes reviewed briefly in section 2.
Since this solution is obtained by gluing two pieces of the R 3 -D6 solution, we can borrow some of the analysis in section 4.2. However, there are some changes in the regularity analysis, due to the different global structure of the solution and to the presence of the D8-brane stack.
We will cover the solution with two coordinate patches. One has coordinate z = . Using (2.6) we can compute
The two coordinates are related by the transition function
In these coordinates, the north and south pole of the geometry (which are both regular) correspond to z = 1 and z = 1.
In both charts, (3.9) becomes again the hypergeometric differential equation (C.4).
However, in section 4.2 we started by imposing regularity around z = 0 (which led to (4.14)), while here z = 0 is not included in either chart. On the other hand, z = 1 is present in both charts; thus we can start our analysis by imposing regularity around We now have to impose an appropriate condition at the locus where the D8-brane stack is present. This can be argued as follows. If either f or df /dy were discontinuous at the D8-brane locus, a δ function or its derivative would appear on the right-hand side of (3.9). However, as we remarked already in section 3.1, (3.9) is not altered by any contribution to the stress-energy tensor T µν , not even by localized sources. Thus we conclude that f and df /dy should be continuous at the D8-brane locus. This is formally similar to how one solves a Schrödinger problem with a discontinuous potential.
The equations we need to impose now read C F (z)| z=z D8 = C F (z )| z =z D8 and
The system admits a solution if and only if the matrix
has zero determinant. This leads to the condition
which can be solved numerically by varying τ in (4.12).
Empirically we find that the allowed values for M 2 in τ are well approximated by M 2 = 4 (4 + 6) + j(α 0 + α 1 j + α 2 ), (4.22) where the α i 's depend on µ/N only, whereas j ∈ Z ≥0 . This is qualitatively similar to what we obtained in (4.15) for the R 3 -D6 solution.
Field theory interpretation
The (1, 0) SCFT's dual to the AdS 7 type IIA supergravity solutions do not have a Lagrangian description. Nevertheless, in this section we will translate the results obtained so far in a field-theoretic language, and at least attempt an interpretation of these in terms of the effective field theory descriptions of the CFT's.
These effective theories consist of a chain of SU(r i ) vector multiplets, i = 1, . . . , N − 
when all the Φ i coincide, the gauge couplings are divergent, and the theory is strongly coupled. This is the point which is supposed to correspond to a CFT.
A result of this paper is that all the CFT's under study, irrespectively of the choice of the r i , have a short spin-2 multiplet with dimension ∆ = 4 +6, where is the SU(2) R spin; this saturates the bound (3.16). The structure of the multiplet is given in Table   3 for j = 0. The scalar superconformal primary in the multiplet has dimension
There are two theories for which we have found the full spectrum of spin-2 operators, short and long; these are dual to the solutions discussed in sections 4.1 and 4.2. The first can be lifted to M-theory, and there it can be thought of as a Z k orbifold of the theory living on a stack of M5-branes; its effective description is a quiver depicted in Figure 1(a) . From (4.9) and (3.17) it follows that the spin-2 operators have dimension
where j ≡ − 2 ∈ Z ≥0 is introduced. For j = 0 and j = 1, the operators belong to (a) 10 For j = 0, the operator belongs to a short multiplet.
More general theories involve D8-branes; in the effective description, these correspond to the presence of non-zero f i = 2r i − r i−1 − r i+1 . Unfortunately in such cases it is hard to solve for the spectrum explicitly, although in section 4.3 we have described how one can obtain such information numerically. Preliminary evidence seems to point to modification of the coefficients in (5.3).
Let us now go back to the universal short multiplets in (5.1). As anticipated in the introduction, it is tempting to match them in the effective field theory description with a bound state of 2 hypermultiplets and of the stress-energy tensor multiplet T . There are several gauge invariant operators that one can obtain by tracing hypermultiplets;
for example one can write Tr h A osp(6, 2|1) multiplets
In this appendix we present the osp(6, 2|1) supermultiplets corresponding to supergravity fields. One way to construct these is to use the oscillator method analogously to [32] , where it was employed for osp(6, 2|2) and the spectrum of eleven-dimensional supergravity on S 4 . Such a construction was carried out for the vector multiplet and a short graviton multiplet of osp(6, 2|1) in [33] .
We have taken a different approach, and obtained the osp(6, 2|1) supermultiplets by decomposing the osp(6, 2|2) supermultiplet related to the reduction of eleven-dimensional supergravity on S 4 , summarized for example in [34, Table 4 ]. (See also footnote 3.) We branch the representations of the sp(2) R-symmetry algebra of osp(6, 2|2) into representations of an su(2) 1 ⊕ su(2) 2 subalgebra, 12 and take su(2) 2 to be the R-symmetry algebra of osp(6, 2|1). Members of the supermultiplet that transform in the same representation of su (2) 1 form osp(6, 2|1) supermultiplets. In particular the p+1 representation of su (2) 1 yields the vector multiplet, the p representation the gravitino multiplet and the p−1−j representation, where j is an integer greater than or equal to 0, the graviton multiplet. (A bold font is used to denote the dimensions of the su (2) representations.)
In Tables 1-3 , the numbers (∆; ω 1 , ω 2 , ω 3 ) characterize the so(6, 2) representations:
∆ is the scaling dimension and (ω 1 , ω 2 , ω 3 ) the so(6) highest weights. In this sense the vector, gravitino, and graviton multiplets with j = 0 or 1 are short.
Let us mention that a superfield formalism is also available [35] . This can be used for constructing unitary representations of osp(6, 2|1), and it provides an organizing principle for operators. The construction of the representations proceeds by tensoring supersingletons described by constrained superfields; for the (1, 0) superconformal algebra these are: (i) W , whose components form an (1, 0) tensor multiplet and (ii) W I , where I is an su(2) R index, whose components form a hypermultiplet. Tensor products of these can be used to construct the vector, gravitino and graviton multiplets. For example the massless graviton multiplet or stress-energy tensor multiplet can be constructred out of the product of two tensor multiplets (W ) 2 . This formalism is related to the "place-holder fields" fomalism used in [33] . 12 We have used that the sp(2) so(5) representation with Dynkin labels [q, p] branches as q n1=0 p n2=0 (q + p + 1 − n 1 − n 2 , p + 1 + n 1 − n 2 ). 13 The are related to Dynkin labels as follows: 2) . The superconformal primary has ∆ pr = 4 . p = 1 yields the hypermultiplet. p = 2 yields the massless vector multiplet.
) p+1 Table 3 : Graviton Multiplet. The superconformal primary has ∆ pr = 4 + 2j + 4. For j = 0 or 1 the multiplet is short. j = 0, p = 2 yields the massless graviton multiplet which forms the minimal gauged supergravity in seven dimensions [36] .
B Non-supersymmetric AdS 7 solutions
Given the truncation of [24] , the non-supersymmetric anti-de Sitter vacuum of the minimal gauged supergravity in seven dimensions can be uplifted to a family of non- These solutions were recently interpreted holographically in [25] .
The mass spectrum of the spin-2 excitations is determined by the eigenvalues of the differential operator L defined in (3.7). Its expression for the non-supersymmetric solutions can be linked to the one for the supersymmetric solutions as
where ∆ S 2 is the S 2 Laplacian. Consequently, -taking into account the expansion (3.8)
-the mass spectra for the non-supersymmetric and supersymmetric AdS 7 solutions are related via Given that M 2 susy ≥ 4 (4 + 6), it follows that M 2 non−susy is positive, and hence the unitarity bound for a spin-2 field is satisfied (see for example [37, (3.46) ,(3.47)]).
C Hypergeometric function and Jacobi polynomials Hypergeometric function
The hypergeometric function is defined for |z| < 1 by the power series (C.5)
Jacobi polynomials
The Jacobi polynomials are defined in terms of the hypergeometric function as P (l 1 ,l 2 ) n (x) = l 1 + n n 2 F 1 −n, l 1 + l 2 + n + 1; l 1 + 1; 2n + l 1 + l 2 + 1 Γ(n + l 1 + 2)Γ(n + l 2 + 1) Γ(n + l 1 + l 2 + 1)n! δ mn .
(C.7)
